We examine some noncommutative spherically symmetric spaces in three space dimensions. A generalization of Snyder's noncommutative (Euclidean) space allows the inclusion of the generator of dilations into the defining algebra of the coordinate and rotation operators. We then construct a spherically symmetric noncommutative Laplacian on this space having the correct limiting spectrum. This is presented via a creation and annihilation operator realization of the algebra, which may lend itself to a truncation of the Hilbert space.
I. INTRODUCTION
Over the last two decades or so noncommutativity of space coordinates has become a much persued avenue of research [1] and is widely considered a promising candidate for physics beyond the Planck scale [2] [3] [4] . As well as its use in regularization of quantum field theories, noncommuting coordinates have also appeared naturally within string theory [5, 6] and in physical systems with strong magnetic fields [7] [8] [9] [10] .
A closely related development is that of fuzzy physics (see [11] for a review of certain aspects) where finite matrix algebras are used to approximate the algebra of functions on a manifold. Action functionals built from these matrix algebras provide an alternative to lattice actions in the regularization of field theories and are especially natural for field theories on noncommutative spaces. The archetypical fuzzy space is the fuzzy sphere [12] [13] [14] [15] but many other spaces have been studied such as the fuzzy complex quadrics [16] , fuzzy complex projective spaces [17] [18] [19] and the fuzzy Grassmannians [20, 21] . Any manifold which can be generated as the coadjoint orbit of a compact Lie group should have a fuzzy description but it is not a necessary condition [22] . For example, Lizzi et al. [23, 24] have described the fuzzy disc and its spectrum in some detail (see also [25] ). The construction relies upon a projection operator, which is applied to the algebra of functions of the noncommutative plane and for which, the creation and annihilation operator description of the NC plane allows a particularly simple form.
In this note, we will present the first step in generalising this to three dimensional space by using a creation and annihilation operators description of a spherically symmetric noncommutative space and an appropri- * sean.murray@uclouvain.be † jan.govaerts@uclouvain.be; Fellow of the Stellenbosch Institute for Advanced Study (STIAS), 7600 Stellenbosch, South Africa.
ate Laplacian. Hammou et al. [26] have also used an oscillator and projection operator construction to describe a foliation of fuzzy spheres and a discrete radial derivative. Moreno [27] took a similar approach in the context of spherically symmetric monopoles. Here, we will maintain noncommutativity in all directions. See [28] for a discussion of the 4d case in the context of black holes. After a general discussion of matrix elements in section II, a realisation using creation and annihilation operators is presented and in section IV, applied to Snyder's noncommutative space [29] . In fact, the realisation describes all spherical symmetric noncommutative spaces defined by Snyder-like commutation relations i.e. by an algebra containing only the coordinates and the generators of rotations with only the coordinate commutator modified (see equations (54)).
In section V, we generalise the algebra and postulate additional commutators with the generator of dilations. The Jacobi identity then requires a particular choice to made, which means that the algebra is isomorphic to the Euclidean algebra e(3). A candidate Laplacian is then presented with the correct continuum spectrum and analogous zero modes. Some of its properties are given.
II. SPHERICAL TENSOR OPERATORS
We take for noncommutative coordinates the Hermitian operators,X i , i = 1, 2, 3. Spherical symmetry of the noncommutative space they describe imposes [30] [
whereĴ i , i = 1, 2, 3 are the generators of rotations. This is precisely the definition of a spherical vector operator. WritingT
(X 1 ± iX 2 ) , the matrix elements of such an operator are given by the Wigner-Eckart theorem [31] as
up to the unknown functions, the reduced matrix elements, n, j − 1 T 1 n ′ , j and n, j T 1 n ′ , j , which do not depend on the label ǫ, and where
are the Clebsch-Gordan coefficients. The indices n and n ′ represent any other quantum numbers which may appear on specificing the commutators amongst the coordinatesX i . However, if we suppose that the algebra closes without any additional generators i.e. if the remaining commutator takes the form
then we will see that the representations of the algebra and hence the Hilbert space are labelled by the eigenvalues of two Casimir operators, which we suppress here, and by j and m.
[32] Therefore we have defined the Hilbert space in terms of the orthonormal basis[33]
The Clebsch-Gordan coefficients tell us that the coordinate operators only raise or lower the eigenvalue j by 1. Therefore, we can restrict F to contain only either integer or half-odd-integer values of j.
For the fuzzy sphere (see [11] and references therein), the coordinates are taken to be proportional to the generators of SU(2), which is the universal cover of the rotation group and we have j − 1 X i j ≡ 0. There is then a finite matrix algebra associated to each irreducible representation of su (2) . Without such a simple identification, it is more difficult to arrive at a fuzzy (i.e. finite matrix) description. To obtain operators that can be represented by finite matrices, we need to restrict ourselves to a subspace of the Hilbert space F :
with 2j 0 , 2j 1 , j 1 − j 0 ∈ N. For generality, we have also included a lower bound j 0 . For the operators themselves, this either means using a projection
(and operators PXP) or, equivalently, choosing j − 1 T 1 j = 0 for j = j 0 and j 1 + 1, the matrix elements of the coordinates and their products being the same in either case. Lizzi et al. used such a procedure to describe the fuzzy disc [23, 24] . Using the coherent state picture of the noncommutative plane, they introduced a sequence of projection operators,P (N ) , whose Berezin symbols converge to a step function in the radial coordinate in a certain limit. A sequence of finite algebras can be defined by applying the projectors to the full infinite dimensional algebra,Â (N ) =P (N )ÂP (N ) . Our goal here is to begin the extension of this procedure by describing a noncommutative algebra built from the three rotationally covariant coordinate operators and the Hilbert space it acts on, in such a way that may allow a similar procedure.
Before proceeding, let us first note the following facts. Using the matrix elements (3), we can calculate the 'ra-
where d j = j − 1 T 1 j and b j = j T 1 j . For the projected case, we would have
The angular Laplacian is given bŷ
whereĴ iXj =Ĵ iXj −X jĴi and it is easy to see that ∆X i = 2X i . Observe that theĴ i and hence∆ commute with any rank 0 operator whose value on | j, m does not depend on m,
The operatorR 2 is of this form. Such operators provide a map under left and right multiplication amongst rank 1 tensor operators, such as the coordinates, so that for two rank 0 operatorsÛ andÛ ′ ,ÛX iÛ ′ is another rank 1 tensor operator. It is then clear that the algebrâ A, generated by the coordinate operatorsX i can be decomposed into eigenspaces of the angular Laplacian. A general operatorM ∈Â can be described by the expansionM 
The angular momentum operators are given by the
β and a basis better suited to them is given by
with j = 0,
for two functions of the number operatorN = a † α a α , C(N ) andÂ(N ), related to the reduced matrix elements of the previous section. The m dependence of the Clebsch-Gordan coefficients is precisely that of equations (17) to (23) . Different choices of the operatorsĈ(N ) and A(N ) lead to different commutators of the coordinate operatorsX i . For the fuzzy sphere a common choice iŝ
and the algebra generated,Â, (acting on F ) is a direct sum of fuzzy sphere algebras of different cut-offs. Such quadratics terms are used for example to form the (Sp(6, R) component of the) dynamical group of the harmonic oscillator [31] but in this case the coefficients are trivial. In the next section, will find the functionŝ C(N ) andÂ(N ) that give rise to the commutations relations of so (4), so(3, 1) and e(3). The case of so (4) has of course a simpler description in terms of two sets of Schwinger oscillators a α , a † α and b α , b † α , α = 1, 2, due to the isomorphism so(4) = su(2) ⊕ su(2). Here, however, the realization is more general and can be applied to so(3, 1) and e(3). See [18] for another case, where a number operator dependent coefficient is necessary to obtain the appropriate commutation relations. In that case the Heisenberg algebra is satisfied by composite oscillators made up of the antisymmetric product of several creation or annihilation operators and a non-trivial coefficient.
IV. THE SNYDER ALGEBRA
In this section we will review the (Euclidean) Snyder algebra[34] [29] [
and apply the previous realization to it. Here, θ ∈ R is the deformation parameter with dimensions of length squared. We can determine the operatorsÂ(N ) andĈ(N ) by comparing the last of these commutators with the commutator satisfied by the operatorsX ± of equations (24) above (the remaining commutators are easily given by the action ofĴ i ) :
. We also present the general 'radius' formulâ
and the contraction with the angular momentum operators,Ĵ
The Euclidean algebra
Let us first consider the case θ = 0. Then the operatorsX i commute and we arrive at an infinite dimensional representation of the algebra of the Euclidean group E(3) (formally identical to the group of rotations and translations) [35] [
Representations of this algebra are labelled by the eigenvalues of the CasimirsX 2 andX ·Ĵ, while the Hilbert space carrying the representation can be labelled by the eigenvalues of the mutually commuting operatorŝ X 2 ,X ·Ĵ,Ĵ 2 ,Ĵ 3 . Let us choose the operatorsĈ(N ) andÂ(N ) such that the coordinate operators (24) commute over F . We find
with 0 < r ∈ Ê . A basis for F is then given by | r, j, m .
The CasimirsX 2 andX ·Ĵ have eigenvalues r 2 and 0 respectively. Clearly, we do not have access to all the representations.
Let us raise the lower angular momentum lower bound from 0 to j 0 = |µ|, with 2µ ∈ as before and we denote the Hilbert space F j0,∞ . We must therefore impose the additional conditionĈ(N ) | j 0 , m = 0 so that F j0,∞ is closed under the action of the coordinate operators. Examining the commutator (29), the only possible choice is found to bê
for which we find the Casimir eigenvalueŝ
X ·Ĵ | µ, r, j, m = µr | µ, r, j, m .
Thus we have a realization of the all the infinite dimensional representations of e(3). We may think of the eigenvalue r as the classical radius, as it the eigenvalue ofX 2 when θ = 0. The Hilbert space basis can be normalised so that
while the phase e iθ(N ) is arbitrary and can be absorbed by the creation and annihilation operators. The corresponding completeness relation is ½ =
The special orthogonal algebras so(3, 1) and so(4) If θ < 0, then the Snyder algebra is isomorphic to the non-compact algebra so(3, 1). We again attempt to choose the operatorsĈ(N ) andÂ(N ) in order to obtain a representation of the algebra over F j0,∞ . An infinitedimensional (bounded below) representation for so(3, 1) is specified by choosinĝ
which givesX
Here, like for e(3), r is a (non-compact) real non-negative parameter, while j 0 = |µ| is a whole or half integer. Thus, the noncommutative radiusX 2 increases with angular momentum. Note also that for a given representation (fixed values or µ and r) its spectrum is discrete and that if µr = 0 then the usual conditionĴ · x = x ·Ĵ = 0 is satisfied.
Recalling that θ is the noncommutative parameter, it is tempting to think of the operatorX 2 as a θ and angular momentum dependent modification to the classical radius-squared, r 2 . For fixed eigenvalue of the noncommutative radius, x 2 and negative θ, there are finitely many associated classical radii and angular momenta r 2 , j :
where j max is the largest value of j of such that x 2 − θ(µ 2 − 1) + θj(j + 1) ≥ 0 and r 2 min = x 2 − θ(µ 2 − 1) + θj max (j max + 1). The number of states associated to the noncommutative radius is an increasing function. However, it increases in steps due to the previous inequality. The situation is reversed for positive θ; for fixed classical radius r, there are finitely many associated noncommutative radius values.
However, we must be more careful when θ is positive, as
can become negative. We require a maximum value of j (recall that the eigenvalue ofN is 2j), j 1 . Furthermore, in order to remain inside the subspace F j0,j1 , the conditionĈ(N ) | µ, r, j 1 + 1, m = 0 must be imposed. We therefore find that r must take the value √ θ(j 1 + 1) . Representations and hence labelled by two discrete parameters µ and j 1 . We havê
Thus, we have a finite dimensional representation of dimension j 1 − |µ| + 1 . This is not surprising since, when θ > 0, the algebra (26) is isomorphic to so(4) = su(2) ⊕ su(2). The basis for these two commuting su(2) algebras are given byL i = ( 
β , here we use only one set and have terms quadratic in both creation and annihilation operators. The matrix elements in this so(4) formalism are well known however [36] .
We label the Hilbert space by | µ, j 1 , j, m and find that
The two Casimirs arê
Observe that in this case the spectrum ofX 2 decreases with j. Hence, higher angular momentum is associated with a smaller noncommutative radius. To recover the continuum limit and obtain a infinite dimensional representation of the Euclidean algebra, we take θ → 0 and j 1 → ∞ in such a way that √ θ(j 1 + 1) remains a constant. Hence r = √ θ(j 1 + 1) is again referred to as the classical radius.
The question of the Laplacian might now be considered. However, we require an analogue of the continuum radial derivative and to this end, in the next section, we shall modifying the Snyder algebra so that it can be extended with the generator of dilations. In the continuum, this generator is composed of the radius and its derivative.
V. GENERALISING SNYDER'S ALGEBRA
Let us now return to the modification the Snyder algebra introduced in (1), (2) and (5) :
It is easily seen that the algebra (54) is isomorphic to the Snyder algebra (26) and so it is isomorphic to so(4) for α + 
while the radius iŝ
The representations are labelled by r ≥ 0 and 2µ ∈ Z.
The special case α = −β 2 /4 is worth special study. The algebra is then isomorphic to that of e(3). The formulae for the radius andĈ(N ) simplify and in particular C(N ) no longer depends on the noncommutative parameter and contains an overall factor of r. The coordinate operatorsX i then satisfy the property
The derivative with respect to the classical radius is an automorphism of the algebra. This hints at some further structure, which we will now elucidate. The Laplacian in three dimensions can be written in terms of the generators of translations,
or alternatively, in terms of the radial coordinate and the generators of rotations and homogeneous dilations (uniform/isotropic scalings),
2 ) is the Hermitian generator of dilations andĴ i generate rotations. All these objects are contained in the classical similarity group of translations, rotations and homogeneous dilations, which has the algebra
Replacing the generators of translations,p i , with the coordinates themselves, leads to a formally identical algebra. We will then consider an enlargement of the algebra (54) by adding the, generator of dilationsD, specified only via the commutators
We have chosen to maintain our ansatz of spherical symmetry and have only modified the space commutator. Application of the Jacobi identity provides constraints on the parameters α, β and γ
which implies precisely the special case α = −β 2 /4. Thus, an attempt to combine dilations with the Snyder algebra via the previous commutators, leads one to modify the coordinate-coordinate commutator as in (54) with α = −β 2 /4, so that the coordinate and rotation operators satisfy an algebra isomorphic to e(3). Including dilations, the algebra is formally identical to the classical similarity algebra
We note that this is simply a transformation of the classical similarity algebra[38] (taking the classical coordinatex i as a generator instead ofp i ):
. Furthermore, comparing the last commutator above with equation (61), we see that our realization of the algebra (54) can be extended to the algebra (68) by takinĝ
along with the coordinate operatorŝ
The noncommutative radius iŝ
whileX
We also find that
We can consider the reducible representation of e(3) obtained by allowing r to take all values from zero to infinity and in this way think of the coordinates as describing a particle on a noncommutative space. The noncommutative radius is related to the classical radius by (75).
VI. THE ALGEBRAÂ AND THE LAPLACIAN
As mentioned briefly in section II, the algebra,Â, generated by the coordinate operators can be decomposed into subspaces of the angular Laplacian
The tensorsΨ d lm are the analogue of the (smooth) continuum functions R(r)Y lm (θ, φ) where R(r) is any admissible radial function and Y lm (θ, φ) are the spherical harmonics. The continuum eigenfunctions with eigen-
r l R lm (r, θ, φ) where j l (kr) are the spherical Bessel functions and R lm (r, θ, φ) are the solid harmonics [40] .
The solid harmonics are the solutions to the continuum Laplace equation and are, up to normalization factors, just the traceless symmetric products of the coordinates. In the noncommutative case we are considering, we denote such productsR lm (X) and call them solid polarization tensors. Up to a normalization, n l , they are writtenR
where
is the projector onto symmetric traceless tensors. The index m on the left hand side of this equation denotes the eigenvalue of J 3 (defined below), under which the right hand side can be split up. Due to algebra (68), the algebra of the coordinate operators also contains polynomials in the operatorsŶ i = − β 2 4Ĵ i + βX i . Hence, the algebra is spanned by symmetric polynomials inX i ,Ŷ i and ǫ ijkXjŶk and basis elements are specified by some normal ordering prescription. We shall not discuss these operators in more detail here, postponing it to future work. However, we will introduce a Laplacian on this algebra, discuss the zero modes and show that the correct continuum spectrum is obtained in the β −→ 0 limit. Clearly, we need only then consider the solid polarization tensorsR lm (X), since the other polynomials vanish in the limit. The arbitrary radial dependence comes from operator coefficientsR(X 2 ,Ŷ 2 ,X ·Ŷ ), dependent on the scalar invariants (onlyX 2 −→ r 2 is non-vanishing in the limit).
Let us examine the possible terms that might make up the rotationally invariant noncommutative Laplacian. We have two basic vector operators at our disposal:X i andĴ i . From them, we can form the derivations on the algebra of the coordinate operators,Â :
where the superscripts indicate left and right actions. These operators satisfy the Leibniz condition and vanish on the identity. The operatorĴ i is used to write the Laplacian on the fuzzy sphere,∆ S 2 F = −Ĵ 2 . So we are led to consider the following operatorsĴ 2 ,X 2 andĴ ·X . In that absence of an appropriate noncommutative analogue and motivated by (64) and (71) we will also include the possibility of r and its derivatives appearing in the Laplacian.
We take the following ansatz for the noncommutative Laplacian,∆ :
and choose a, b, c, d and e such that the continuum spectrum and eigenfunctions are obtained in the β → 0 limit. We have included a factor of 1 r 2 in the 'angular' part to match the continuum and corrected the dimensions with factors of β. We imposê
The first condition imposes a = 1 and 4e − b = 4. Asking the coordinate operators to have eigenvalue 0 as in the continuum, gives b + c + d + 1 = 0 and b + d + 2e = 0. One further condition is necessary and we choose to also impose that the traceless symmetric products of two coordinate operators also have vanishing eigenvalue, which results in only one extra linearly independent equation, b = −4. We find that
so we havê
As already mentioned, the solutions to the continuum Laplace equation are the solid harmonics,R lm (X). We have already imposed∆R 1m (X) =∆R 2m (X) = 0. From equations (A.3) and (A.4) in the appendix, we see that in fact all the solid polarization tensors are solutions of the noncommutative Laplace equation
We will not discuss the other eigenoperators of the Laplacian∆ here, postponing it for future work. However, we give its value on the first few powers of the noncommutative radius and the general result up to order
The full expansion being derivable from equations (75), (A.2) and (A.5). Notice the noncommutative corrections to the classical result. Equations (88) and (91) show that the correct continuum spectrum (−k 2 ) and eigenfunctions (j l (kr)Y lm (θ, φ)) are obtained in the limit.
VII. OUTLOOK
Further work is needed to obtain the full noncommutative spectrum of the Laplacian (87). As can be seen from equations (91) and (A.5), the calculations are cumbersome and require the use of the realization to make progress. In order to apply a projection to the algebra in the spirit of the fuzzy disc, it may be useful to work with coherent states, which in this case would be associated with the group E(3). Such coherent states have been constructed by Bièvre [41] and Isham and Klauder [42] . Applying a projection of the algebra onto a finite range of angular momentum is then expected to lead to a finite noncommutative (phase space) algebra associated to a particle on a fuzzy sphere of radius r that is smeared out in the radial direction according to the angular momentum of the particle as in (75).
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Appendix: Formulae
In this appendix, we present the following useful formulae: TheN dependence in the right hand side of this expression is expressable entirely in terms of non-negative powers of J 2 =
